We study a quantum spin system with local bilinear interactions and without quenched disorder which seems to display characteristic signatures of a many-body localisation (MBL) transition. From direct diagonalisation of small systems, we find a change in certain dynamical and spectral properties at a critical value of a coupling, from those characteristic of a thermalising phase to those characteristic of a MBL phase. The system we consider is known to have a quantum phase transition in its ground-state in the limit of large size, related to a first-order active-to-inactive phase transition in the stochastic trajectories of an associated classical model of glasses. Our results here suggest that this transition is present throughout the spectrum of the system in the large size limit. These findings may help understand the connection between MBL and structural glass transitions.
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For over half a century, it has been understood that a single quantum particle can become localised in space in the presence of a disordered potential [1, 2] . Over the last few years, there has been a surge of interest in localisation in the context of interacting many-body systems [3] [4] [5] [6] . When a closed interacting system exhibits many-body localisation (MBL), a breakdown of thermalisation [7] occurs: the system is unable to function as its own thermal bath, dynamics retains memory of its initial state, and expectation values of observables do not relax to the values expected from thermal equilibrium [6] . Since the MBL transition is seen to occur in eigenstates with energies far above the ground state energy, it has been dubbed a "high-temperature" quantum phase transition [4] . To date, MBL has been demonstrated mostly in systems with quenched disorder, and it is currently of interest [6] to establish whether MBL is exhibited in quantum systems where the Hamiltonian itself is translationally invariant. Previous works have indicated that such effects may be possible in systems with both fastand slow-moving particles [8] , where the slow particles provide and effective disordered potential in which the fast particles can appear localised. Whether localisation behaviour can be seen without such impurities providing effective disorder is an open question [6] .
In this paper we present and study a quantum spin system which has local interactions and is free of disorder that appears to show the characteristic features of MBL. The Hamiltonian we consider is related to a deformation of the master operator of a classical glass model, which is known [9] to display a (first-order) phase transition in its largest eigenvalue: in the quantum context this corresponds to a quantum phase-transition in the ground-state, while in the classical stochastic context it corresponds to a singularity in the cumulant generating function of the dynamical activity [10, 11] and thus an indication of a non-equilibrium transition to an inactive or glass state [9, 12] . We show below that this phase transition seems to be present throughout the spectrum of the Hamiltonian and possesses many of the hallmarks of a MBL transition.
The system we study consists of spins or qubits on the sites of a one-dimensional lattice with periodic boundary conditions. The Hamiltonian has the general form,
(Γσ
where i = 1, . . . , N are the sites of the lattice, σ x,y,z i are the usual Pauli operators acting on site i, and the parameters (Γ, γ, κ, λ), which quantify the strength of the various fields and couplings, are uniform throughout the lattice (i.e., there is no quenched disorder). We write the Hamiltonian as in (1) to highlight the connection to so-called kinetically constrained models of glasses [13] . When κ + γ = Γ 2 and λ = 1 the operator H is the symmetrized version of the master operator of a FredricksonAndersen (FA) facilitated spin model [13] [14] [15] . In this case, the first factor in each term of (1) is the local operator that flips a spin at site i. The second factor constrains the rate at site i to the state of the spins at sites i ± 1, so that changes at site i cannot occur if both these spins are in the down state (in the z basis). For λ > 1 this constraint is softened, and we have the so-called soft-FA model, see [16] . When γ + κ = Γ 2 , the operator H is related to a deformation of the master operator for the dynamics of the FA (or soft-FA) model, which is known to show a singular change in its ground state at some value of Γ [9, 16] , as we discuss below.
We parametrize the couplings in the following way,
When s = 0, H is equivalent to a classical stochastic operator. In the quantum language we would say that in this case we are at a Rokhsar-Kivelson point [17, 18] : the ground-state, whose energy vanishes, is given by the "square root" of the equilibrium probability of the stochastic process, in this case the direct product, 2 ). For the two curves at s < 0, M t tends to values close to the ETH prediction at long times, while for s > 0 it does not.
, where |n i = 0, 1 are the eigenstates of σ z i with eigenvalues −1 and +1, respectively, with the relative weight between a spin being up to being down in this basis.
We now expand on the connection to a stochastic problem when s = 0. The master operator that generates the stochastic dynamics of the FA model is [15, 16] 
where σ z i = 2n i − 1 andn i = 1 − n i . In the classical problem the rate is typically determined by temperature, e.g., = e −1/T . The equilibrium state of W is |eq. ∝ i (|0 i + |1 i ). From this one can construct the diagonal operator P = i (|0 i 0 i | + −1/2 |1 i 1 i |), so that the Hermitian H is obtained from the stochastic W via a similarity transformation, H = −P −1 W P (and thus have the same spectrum). This same transformation can be applied even when W is deformed away from being strictly stochastic by multiplying the terms with σ ± by a factor (thus breaking detailed balance) [9] , giving the general Hamitonian (1) for arbitrary s.
When s = 0 we are away from the RK point and the ground-state energy of H may no longer vanish. As s is increased, and depending on the value of , there can be a change in the ground-state which in the large size limit, N → ∞, becomes singular at some s * (λ). For λ → 1 this occurs for all at s * → 0, where the change is from the "equilibrium" state | √ eq. , which dominates at s = 0 − , to the "inactive state" |in. ≈ i |0 i , which dominates at s = 0 + [19] . This quantum phase transition in H is first-order [9, 16] . The ground-state transition from | √ eq. to |in. at s * = 0 (we consider λ = 1 from now on for simplicity) has the flavour of a localisation transition in the Fock basis |n ≡ i |n i , since | √ eq. is spread as a probability over the states |n while |in. is highly concentrated on |0 · · · 0 . Furthermore, in the context of the stochastic dynamics of constrained models this is a non-equilibrium transition from a relaxing "liquid" to a non-ergodic "glass" [9, 12] . So a natural question to ask is whether this change in behaviour extends higher up in the spectrum beyond the ground state and how does such a transition manifest itself in the context of a closed quantum system. We first consider the thermalisation properties of this system by examining the time evolution of global observables under the unitary dynamics generated by H. Figure 1 shows the average total magnetisation in the zdirection, M t , as a function of time, where M ≡ i σ z i , and · t indicates expectation value in the state |ψ(t) = e −itH |init. (where = 1). In Fig. 1 the initial state |init. for all curves is a zero momentum state with well defined total magnetisation M 0 (i.e. the state obtained by uniform translating a Fock state with this magnetisation). The figure shows that there are two clearly distinct regimes depending on the value s. For s < 0, the average magnetisation M t relaxes on a relatively short time scale (much shorter that the renewal timescale for the finite N systems we consider numerically), as shown for two initial states, M 0 = 6 (full blue curve) and M 0 = 0 (dotted blue curve). These two initial states were also chosen so that their average energies init.|H|init. energies were as close as possible in this finite sized system. The value to which their average magnetisation tends in the long time is also close, despite the fact that M 0 is very different. One would associate this behaviour with conditions where these observables thermalise [7] to a level dictated by their average energy. In contrast, for s > 0, the magnetisation remains close to the value in the initial state for long times, a behaviour one would associate with absence of thermalisation. This change in dynamical behaviour takes place at s * = 0, the value of s of the quantum phase transition in the ground state of H. Note that the |init. chosen are "atypical" initial states [6] , in the sense that they are very different from the kind of states that are typically encountered in a thermal mixture. Similar change in the dynamics of M t when crossing s * is observed for other atypical initial conditions.
The result of Fig. 1 is a first indication that the groundstate transition at s * = 0 may actually affect the bulk of the spectrum as well. To illustrate this we show in Fig. 2(a) the spectrum of H (for a smaller system of size N = 9, for clarity), as a function of s for fixed and λ = 1. The ground state is indicated by red. We show only the zero momentum sector to avoid trivial eigenvalue crossings due to the fact that the system is translationally invariant. We have also removed the isolated state i |0 i [19] . [Some crossings remain in Fig. 2 (a) due to residual discrete symmetries which are more difficult to remove from the spectrum.] Around s = 0 there is a crossover, associated with the avoided crossing indicated by a circle. When N → ∞ this crossover becomes the quantum phase transition of H at s * = 0, related to the singular change of ground state from | √ eq. to |in. [9, 16] . From Fig. 2(a) we also see that near s = 0 there seems to be a proliferation of other avoided crossings (also indicated by circles) in other eigenstates. With increasing N these features become sharper, which suggests that in the large N limit the first-order singularity of the ground-state at s * will also be present throughout the spectrum. If the change occurring in the spectrum at s * = 0 is related to a MBL transition, one would expect also a change in the nature of the eigenstates. In particular, if s < 0 corresponds to a thermalising phase, eigenstates should obey [6, 20] the eigenstate thermalisation hypothesis (ETH) [21, 22] , at least in the bulk of the spectrum. Figures 2(b,c) test this in the case where the observable of interest is the magnetisation M . The symbols show the expectation value of the magnetisation for each eigenstate as a function of energy for system size N = 16. For s < 0, Fig. 2(b) , this scatter plot is relatively smooth, and the average of M in eigenstates is close to the microcanonical average, as as one would expect if ETH is obeyed (the black curve gives the microcanonical expectation value of M at each energy E [23] ). In contrast, for s > 0, Fig. 2(c) , there are very large variations in the eigenstate expectation values of M with energy, thus the eigenstate and microcanonical averages of M are not necessarily close to each other, indicative of a breakdown of ETH. We can contrast Figs. 2(b,c) with Fig. 1 . The arrows in Figs. 2(b,c) indicate the energies of the initial states of Fig. 1 , and the dashes lines in Fig. 1 give the values of the average magnetisation predicted if ETH holds. We now see that the level to which M t tends at long times is close to that expected from ETH for s < 0, while for s > 0 it is not.
Examining the spectrum in Fig. 2(a) , we find in the non-thermalising phase (s > 0) the energy eigenstates form clusters, where every eigenstate within each cluster has a well defined magnetisation M similar to a subset of Fock states. This is an indication that in the nonthermalising phase the energy eigenstates may possess characteristics of the many-body Fock basis and that the long time dynamics (dominated by the intracluster energy eigenvalues) only have contributions from a small subset of Fock states with similar M .
Our final test of a MBL transition in the spectrum of H is by considering how the eigenstates are distributed over the Fock basis states |n . We quantify this as usual by means of the inverse participation ratio (IPR), which for an eigenstate |E reads,
if |E is highly concentrated on some |n , and O(1) otherwise]. Figure 3(a) shows the average of the IPR over the bulk of the spectrum,
, as a function of s [24] . There is a clear crossover in the behaviour ofĪ occurring near s * = 0. For s < 0 the average IPR is of O (1), indicative of eigenstates spread out in |n . For s > 0 in contrast, I becomes small, seemingly tending to zero progressively with N , indicative of eigenstates localised in |n . The change also sharpens with increasing N , which is consistent with a discontinuity at s * = 0 in the large size limit. In Figs. 3(b,c) we show the average local density of states (LDOS). This is defined from the local density of states, LDOS(E|n) ≡ E | E |n | 2 δ(E − E ), by centring each LDOS(E|n) around its average E and then averaging over n. The average LDOS is shown for s at either side of s * : for s < 0 the distribution over eigenstates appears Gaussian, while for s > 0 it is highly concentrated on an eigenstate. This indicates that in the non-thermalising phase the eigenstates of the system are localised over a few many-body Fock states with that energy. The crossover from a distribution which is close to a delta function to one which is Gaussian is similar to the change one would encounter in the LDOS of an integrable quantum system (where thermalisation is not expected to occur) when a banded non-integrable perturbation is added (such that the perturbed system would thermalise) [25] . In such a system one would expect that the average IPRĪ is approximately √ 2 3 (∼ 0.47) (note that this is less than theĪ which one would expect for random eigenstates described by the Porter-Thomas distribution). The extractedĪ is close to this value, highlighting the connection between the LDOS, the average IPR and non-integrable perturbations in integrable systems.
The evidence above suggests that in the quantum system described by the Hamiltonian (1), in the case where λ = 1, there is a MBL transition occurring at s * = 0 for all values of the parameter . As emphasised above, H is also (minus) the Hermitian version of the deformed (or tilted [26] ) generator for the dynamics of the FA glass model [9] . The classical FA model is known to have a first-order dynamical (or "space-time") transition at s 0 = 0 from a state of relaxing and active dynamics to one of non-relaxing inactive dynamics, i.e. a nonequilibrium glass state [9] . Our results here indicate that this non-equilibrium glass transition is present throughout the spectrum, and is the same transition giving rise to MBL in the quantum problem.
For the case where λ > 1, the Hamiltonian (1) is associated to the soft-FA model [16] . From the classical soft-FA dynamics we know that in this case H may or may not have a quantum phase transition in its ground state depending on λ and . For λ − 1 0 the ground state transition is present [16] , and we therefore expect a MBL transition across the spectrum similar to the λ = 1 case, but occurring at some s * (λ, ) = 0. In contrast, when λ − 1 is large enough the ground state transition disappears [16] , which allows for an interesting situation: in the quantum problem we may expect to see that in this case the MBL transition only occurs for states beyond an inverted "mobility edge" [6] .
Other kinetically constrained glass models have activeinactive transitions [9, 16] . One such class of systems which would be interesting to consider in the quantum context are constrained lattice gases [13] , where hopping between sites is constrained by the state of neighbouring sites. If their associated quantum problem also displays a MBL transition, like the one we showed here for systems based on facilitated spin models of glasses, then this MBL transition would be one where also particle transport ceases in the localised phase. 
